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Island of Rare Earth Nuclei with Tetrahedral and Octahedral Symmetries:
Possible Experimental Evidence
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Calculations using realistic mean-field methods suggest the existence of nuclear shapes with tetrahedral
T’y and/or octahedral O) symmetries sometimes at only a few hundreds of keV above the ground states in
some rare earth nuclei around '*°Gd and %0Yb. The underlying single-particle spectra manifest exotic
fourfold rather than Kramers’s twofold degeneracies. The associated shell gaps are very strong, leading to
a new form of shape coexistence in many rare earth nuclei. We present possible experimental evidence of
the new symmetries based on the published experimental results—although an unambiguous confirmation

will require dedicated experiments.
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Symmetries of molecules, fullerenes, metal clusters,
atomic nuclei, and many other quantum objects can be
conveniently described with the help of group theory that
provides a powerful means of classifying spectra in terms
of the group representations. The symmetries of, for in-
stance, Fermion mean-field Hamiltonians, are described
with the help of double point groups whose irreducible
representations determine the degeneracies of spectra and
thus the underlying shell structure. Among all known
double point groups, only three, i.e., tetrahedral, T
(“pyramid’), octahedral, O, (*‘diamond”), and icosahe-
dral () lead to “exotic” fourfold degeneracies of single-
Fermion levels; all other symmetries lead to twofold de-
generacies only. This high-degeneracy aspect leads to high
stability of implied nuclear shapes, as it turns out, Ref. [1].
The symmetry plays a unifying role among distinct fields:
in particular, experiments show that in the alkali metal
clusters the observed magic numbers are 40, 70, and 112
(cf., e.g., Ref. [2] and references therein) while Ref. [1]
predicts those (as well as some other) magic numbers for
the atomic nuclei.

While an accidental discovery of the Cg, fullerene, one
of the “‘most symmetric™ objects in nature, took place over
20 years back, it remains to hope that an unambiguous
experimental discovery of the most symmetric (tetrahedral
and/or octahedral) nuclei will follow soon. i

A possible existence of nuclei with exotic shapes that
resemble round-edge pyramids (tetrahedral symmetry) has
been a subject of a number of publications addressing so
far mainly the theoretical aspects. In particular, Ref. [3]
discussed for the first time the underlying fourfold degen-
eracies of single-particle levels in nuclei. In Ref. [1] group-
theory aspects of tetrahedral symmetry in nuclei have been
presented and existence of ““tetrahedral” magic numbers
suggested. These numbers correspond to particularly large
gaps in the nucleonic single-particle spectra related to the
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pyramidlike shapes. Calculations show that there exist
magic tetrahedral gaps in many areas of the periodic table.
Using the self-consistent Hartree-Fock approach solutions
with the tetrahedral symmetry in light nuclei have been
obtained in Ref. [4]. In the more recent Ref. [5], it has been
pointed out that some exotic nuclei around ''°Zr may be
tetrahedral symmetric in their ground states.

In this Letter we address the question of stable nuclear
configurations with tetrahedral and octahedral symmetries
corresponding to the groups of symmetry of tetrahedron,
T4, and cube, Oy, respectively. They belong to the groups
of symmetry of regular polyhedra—the richest in terms of
symmetry operations—among the point groups currently
used in physics. Any surface invariant with respect to all of
those operations is called T; invariant. The corresponding
nucleonic mean-field Hamiltonian is invariant with respect
to the double T, group, denoted 7%, composed of 48
symmeftry elements.

We performed systematic calculations for several hun-
dreds of nuclei with 60 = Z = 76, using the standard
Strutinsky method with the Yukawa-folded macroscopic
energy parametrization of Ref. [6] and the mean-field
approach with the deformed Woods-Saxon (WS) potential

V(#{p}) = V(N, 2)/{1 + exp[dists(7; rg)/al}. (1)

Above, {p} denotes the ensemble of the central potential Z-
and N-independent parameters, ry, a, V, and x, whereas
V(N,Z) = Vo[l = (N — Z)/(N + Z)]; see Ref. [7] for
details. The WS Spinanabit potential has the standard
form of Vi, (7;{p}w) = (VV A p) - 5, where p and § are
the linear momentum and spin operators, respectively, and
{p}s, denotes the ensemble of the spin-orbit potential pa-
rameters analogous to those of the central one. In the
calculations the universal parameter set of Ref. [7] has
been used together with a totally new parametrization
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